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Abstract
We consider topological solitons in the CPn sigma models in two
space dimensions. In particular, we study “kinks”, which are inde-
pendent of one coordinate up to a rotation of the target space, and
“chains”, which are periodic in one coordinate up to a rotation of the
target space. Kinks and chains both exhibit constituents, similar to
monopoles and calorons in SU(n) Yang-Mills-Higgs and Yang-Mills
theories. We examine the constituent structure using Lie algebras.
1 Introduction
Topological solitons in field theories over Rd are typically classified by an
integer-valued topological charge N , and are usually thought of as being
some superposition of N basic building blocks, the 1-solitons. If the space
Rd is replaced by a cylinder Rd−1×S1 the picture is not so simple: there may
be more than one topological charge, while the 1-solitons from the original
theory may break up into smaller objects. The most well-studied case is that
of calorons [15, 14] in Yang-Mills theory on R3 × S1. While a caloron some-
times resembles a collection of instantons on a cylinder, it is more correctly
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thought of as a superposition of fundamental monopoles, since instantons
may be separated into monopoles, but the converse is not true. Moreover,
there is not just 1, but n different types of fundamental monopole, n being
the rank of the gauge group SU(n).
As a general rule, instantons in SU(n) Yang-Mills theory are similar to
the so-called “lumps” of the CPn−1 sigma models. Therefore, it seems likely
that lumps on a cylinder R × S1 (or “chains”) will have similar properties
to calorons. In a recent paper [6], Bruckmann has constructed an example
of a chain in the CP1 sigma model which exhibits constituents in much the
same way as calorons. Here we extend Bruckmann’s analysis to CPn sigma
models. Further aspects of CPn chains are explored in another new article
[7]. After completing this work, we learned that similar constructions also
appeared in the earlier paper [9].
It is worth asking why constituents were not discovered in sigma mod-
els earlier. In fact, there has been a number of studies of chains in sigma
models [18, 22, 21]. The reason constituents were not observed is that the
constituents are only visible if the periodic boundary condition is accom-
panied by a suitable “twist”; this is entirely analogous to the condition of
“non-trivial holonomy” which is necessary for constituent monopoles to be
observed in calorons.
A number of explanations have been put forward for the constituent struc-
ture of calorons. The earliest can be found in the work of Garland and Mur-
ray, who, following a suggestion of Hitchin, showed that a caloron can be
identified with a monopole on R3 whose gauge group is a loop group [10].
Then the different types of constituent in a caloron can be associated with
the roots of the loop group, just as an SU(n) monopole exhibits constituents
associated with the roots of SU(n) [25]. Unaware of this earlier work, Lee
and Yi later predicted the existence of constituents using a string-theoretic
argument [16], and this paper motivated the explicit constructions of [15, 14].
The Nahm transform for calorons is also suggestive of a constituent struc-
ture, as noted by Kraan and van Baal [14]. However, the link between con-
stituents and Nahm transforms is not universal: monopole chains have both
constituents and a Nahm transform [24], but there is no clear link between
the two.
Prior to the explicit constructions [6, 9], chains in the CPn sigma mod-
els were predicted to exhibit constituents by Tong [23], using string theory
arguments similar to Lee and Yi’s. Tong’s argument actually applied to semi-
local vortices, which approach sigma model lumps in a strong coupling limit,
and motivated the paper [9]. Here, we will show that, like the constituent
monopoles of a caloron, the constituents of a sigma model chain can also be
understood classically, using loop groups. Unlike in calorons, consituents in
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sigma model chains cannot be understood using a Nahm transform, since no
Nahm transform for sigma models is known [3].
An outline of the rest of this article is as follows. In section 2, we briefly
recall the definition of the CPn sigma models. In section 3, we review and
analyse the sigma-model analog of monopoles, which we have called “multi-
kinks”, and which were previously studied in [11]. In section 4 we construct
and analyse chains in the sigma models. In section 5 we review some facts
about loop groups, and in section 6 we show how these can be used to under-
stand the constituent structure of chains. We conclude with some comments
in section 7.
2 The CPn sigma models
The field content of a sigma model is a map φ : M → N between two
manifolds equipped with metrics gM , gN , and induced volume forms VM , VN .
The energy functional is
E =
1
2
∫
M
‖dφ‖2VM . (1)
Here, and throughout, we use the shorthand notation
‖dφ‖2 = (gM)
ij(gN)ab
∂φa
∂xi
∂φb
∂xj
. (2)
In the mathematical literature, a function φ which minimizes E is called
harmonic. In the case where M is a Riemannian 2-manifold and N is Ka¨hler
with Ka¨hler form ωN , there is a lower bound
E ≥
∫
M
φ∗(ωN), (3)
called the Bogomolny bound, which is saturated if and only if φ is holomor-
phic [12]. The lower bound is homotopy-invariant.
We will be interested in the case where M is C and N is n-dimensional
complex projective space CPn. The simplest way to define this space is as a
quotient: CPn = SU(n + 1)/U(n). In practise, we will use two models for
this space. The first is as an adjoint orbit: consider the adjoint action of
SU(n+1) on the Lie algebra su(n+1) of traceless anti-Hermitian matrices.
The centraliser of the element b = −i/(n+1)2 diag(n,−1, . . . ,−1) ∈ su(n+1)
is U(n), therefore CPn can be identified with the orbit of b under the action
of SU(n + 1). A natural metric on su(n+ 1) is given by the Cartan-Killing
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form, denoted 〈·, ·〉 1. The metric g on the adjoint orbit is chosen proportional
to that obtained by restriction:
gp(X, Y ) := (n + 1)〈X, Y 〉 ∀p ∈ CP
n, X, Y ∈ TCPn. (4)
A second model for CPn is as the quotient of Cn+1\{0} by the action
of C\{0}, where C\{0} acts on vectors by multiplication. In this model we
represent points in CPn by non-zero column vectors with square brackets,
and column vectors related by a rescaling are understood to be equivalent:

z1
...
zn

 ∼


κz1
...
κzn

 , κ ∈ C\{0}. (5)
This representation makes it easy to write down holomorphic functions. For
example, the charge 1 CP1 sigma model lump may be written
φ : u 7→
[
λ
u− a
]
(6)
where u = x + iy is a coordinate on C and λ ∈ C∗, a ∈ C are parameters.
For more details, see [17].
A disadvantage of this representation is that it can be tricky to evaluate
the energy density of a given field φ. One must first use the rescaling (5)
to ensure φ takes values in S2n+1, and then evaluate the ‖dφ‖2 using the
quotient metric on S2n+1/U(1). The quotient metric agrees with (4) when
S2n+1 is defined by
∑
|zj |2 = 8n/(n+ 1). Thankfully, we will rarely need to
evaluate energy densities in what follows.
3 Multi-kinks
Multi-kinks were introduced in [11], and are the sigma model analog of
monopoles. We define a multi-kink to be a function φ˜ : R → CPn which
minimizes the energy functional,
E =
1
2
∫
R
‖∂xφ˜‖
2 + V (φ˜)dx. (7)
The potential function V :CPn → R is determined by a Lie algebra element
X ∈ su(n+ 1) as follows. The action of X induces a vector field X˜ on CPn.
1Note that 〈Y, Z〉 = −2(n+ 1)Tr(Y Z).
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The value of V at a point z ∈ CPn is equal to the length squared of X˜ at z:
V (z) = ‖X˜(z)‖2. We will evaluate V explicitly below.
Given a multi-kink φ˜, we define φ(x, y) = exp(−yX)φ˜(x). In terms of φ,
the energy functional takes the simpler form
E =
1
2
∫
R
‖dφ‖2dx. (8)
Although φ depends on both x and y, φ should still be regarded a 1-dimensional
object, because the dependence on y is trivial:
∂φ
∂y
= −X · φ (9)
Notice that, since φ winds in the spatial y-direction, multi-kinks are rather
similar to Q-kinks [2, 1], which wind in the time direction.
We may choose coordinates so that X = i diag(µ1, . . . µn+1) for real num-
bers µi satisfying
∑
µi = 0 and µi ≥ µi+1. We assume further that these
inequalities are strict: this is analogous to the condition of maximal symme-
try breaking for monopoles. In order that the energy be finite, φ must tend
to a fixed point of X , called a vacuum, as x → ±∞. It is easy to see that
there are n + 1 vacua in CPn, written
v1 =


1
0
...
0

 , v2 =


0
1
...
0

 , · · · , vn+1 =


0
0
...
1

 . (10)
Although not needed later, we mention here that the potential function V
takes the form,
V =
8n
n+ 1
(∑
j |z
j |2
)(∑
j µ
2
j |z
j |2
)
−
(∑
j µj|z
j |2
)2
(∑
j |z
j |2
)2 , (11)
which is invariant under rescalings of zj (5), as it should be. The factor
8n/(n+ 1) is a consequence of our choice of metric (4). The vacua vj are of
course zeros of V .
There is a Bogomolny lower bound on the energy,
E ≥
∫
R
φ∗iX˜ω, (12)
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whose proof will be deferred to section 4. Here ω is the standard Ka¨hler
form on CPn and iX˜ω its inner derivative, defined by iX˜ω(Y ) = ω(X˜, Y ).
The bound is saturated if and only if φ is holomorphic,
∂
∂x
+ i
∂
∂y
φ = 0, (13)
or equivalently φ˜ solves the Bogomolny equation,
∂
∂x
φ˜ = iX · φ˜. (14)
Since the vector field X is Hamiltonian, there locally exists a Hamiltonian
function ψ on CPn such that iX˜ω = dψ. Actually, this function ψ is globally
well-defined, and can be constructed explicitly.
To construct the function ψ, we work in the adjoint orbit model of CPn.
Let su(n + 1) denote the Lie algebra of traceless anti-Hermitian matrices,
and let t denote the Cartan subalgebra of diagonal matrices. The point
b = −i/(n+1)2 diag(n,−1, . . . ,−1) ∈ t has stabiliser U(n) under the adjoint
action of SU(n + 1), so its orbit may be identified with CPn (b itself is
identified with v1).
The function ψ is defined in terms of the Cartan-Killing form 〈·, ·〉 by
ψ(p) = −〈p,X〉 (15)
for p in the orbit of b. The canonical choice of symplectic form (due to
Kostant and Kirillov) is
ωp(ξ˜p, η˜p) = −〈p, [ξ, η]〉, (16)
where ξ˜p = [ξ, p] and η˜p = [η, p] are the tangent vectors at p induced by the
action of ξ, η ∈ su(n + 1). This ω is compatible with the metric (4) in the
usual sense. The identity iX˜ω = dψ is equivalent to
ωp(X˜p, Y˜p) = LY˜pψ ∀Y ∈ su(n+ 1) (17)
where L denotes the Lie derivative. We have LY˜pψ = −〈[Y, p], X〉 and
ωp(X˜p, Y˜p) = −〈p, [X, Y ]〉, so the identity (17) follows from the invariance
of the Killing form:
〈[Y, p], X〉+ 〈p, [Y,X ]〉 = 0. (18)
So, for a multi-kink φ satisfying the boundary conditions φ → vj± as
x→ ±∞, the lower bound (12) is∫
R
φ∗iX˜ω = ψ(vj+)− ψ(vj−) = 2(µj− − µj+). (19)
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where we have used the fact that ψ(vj) = −2µj.
The simplest case of the above is when n = 1. Since X must be traceless,
µ1 > 0 and µ2 = −µ1. The general solution of the Bogomolny equation (13)
is
φ : u 7→
[
a1 exp(−µ1u)
a2 exp(−µ2u)
]
(20)
where u = x + iy and a1, a2 ∈ C
∗ are defined up to rescaling. In order to
evaluate the limits of this solution at x = ±∞, it should be appropriately
rescaled using (5): it turns out that φ → v1 as x → −∞ and φ → v2 as
x→∞. We define the mass ν of the kink to be half its energy: ν := µ1−µ2.
Actually, this CP1 kink is the familiar sine-Gordon kink. Consider a kink
of the form,
φ˜ : x 7→
[
2 cos(f(x)/2)
2eiα(x) sin(f(x)/2)
]
, (21)
for a real functions and f and α. The energy (7) of such a kink is
E =
1
2
∫
R
(∂xf)
2 + (ν2 + (∂xα)
2) sin2(f)dx. (22)
Clearly this energy is minimized when ∂xα = 0, and after substituting this
equation the energy functional of the sine-Gordon model is recovered. In
particular, the kink (20) corresponds to the sine-Gordon kink. We define
the location of the kink to be the point x = x0 where f(x) = pi/2, that is,
x0 = ν
−1 ln |a1/a2|. The second modulus of the kink corresponds to a U(1)
phase.
The next simplest case is n = 2. The general solution of the Bogomolny
equation is
φ : u 7→

 a1 exp(−µ1u)a2 exp(−µ2u)
a3 exp(−µ3u)

 (23)
where a1, a2, a3 ∈ C are defined up to rescaling, and at least two are non-zero.
More concisely, we can say that [a1, a2, a3]
t ∈ CP2 \V , where V = {v1, v2, v3}
is the set of vacua. When a3 = 0, the solution satisfies the boundary condition
φ(x = −∞) = v1, φ(x = ∞) = v2, and the solution is an embedding of a
CP
1 kink with mass ν1 := µ1 − µ2. Similarly, when a1 = 0 the solution
is an embedding of the CP1 kink satisfying the boundary conditions φ(x =
−∞) = v2, φ(x = ∞) = v3 and with mass ν2 := µ2 − µ3. In all other cases,
the boundary condition satisfied is φ(x = −∞) = v1 and φ(x = ∞) = v3,
and the mass of the solution is ν1 + ν2.
The kinks with with masses ν1 and ν2 can be obtained as limits of the
multi-kink with mass ν1+ν2. They are “fundamental”, in the sense that they
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cannot be decomposed further into smaller kinks. The 4 moduli of the general
solution can be accounted for by assigning 2 to each constituent fundamental
kink. So it makes sense to think of the multi-kink as a superposition of two
fundamental kinks. For suitable values of the parameters, one can identify
the two constituent kinks as isolated lumps of energy density. The mass ν1
kink will always lie to the left of the mass ν2 kink on the x-axis, since the
the former tunnels from v1 to v2 while the latter tunnels from v2 to v3.
It is easy to see how to generalise the n = 2 multi-kink, and its funda-
mental kink constituents, the cases n > 2. The general picture is that a CPn
multi-kink is a superposition of n fundamental kinks of masses νi := µi−µi+1,
and possesses 2n moduli. There is still an ordering prescription: the mass νi
kink lies to the left of the mass νi+1 kink.
The structure of multi-kinks can be visualised using the adjoint orbit
model of CPn. The element X ∈ t determines a fundamental Weyl chamber
(the chamber containing X), and hence sets of positive and simple roots. The
simple roots are αi : diag(a1, . . . , an+1) 7→ ai − ai+1. The point b, which was
identified with v1, lies on the boundary of the fundamental Weyl chamber.
The other vacua vj are identified with the images of b under the action of
the Weyl group.
Any root α determines an embedding of su(2) in su(n + 1), and hence
a homorphism from SU(2) into SU(n + 1). If vj ∈ t is a vacuum which
is not fixed by this SU(2), then its orbit under the action of SU(2) may
be identified with CP1. Thus a root and a well-chosen vacuum determine a
map from CP1 to CPn, which is in fact holomorphic, and a CPn kink can be
obtained by composing this map with a CP1 kink. The embedded kink will
interpolate between vj and its image under the element sα of the Weyl group
associated with α, and its mass will be
ψ(sα(vj))− ψ(vj) = −〈X, sα(vj)− vj〉 (24)
=
2α(X)α(vj)
〈α, α〉
(25)
In particular, the fundamental kinks described above are determined by the
simple roots of su(n + 1). The indecomposability of a fundamental kink is
linked with the indecomposability of a simple root.
We have illustrated this for the CP2 case in figure 1: the Cartan subalge-
bra t is two-dimensional, and is represented by the plane. The shaded region
represents the fundamental Weyl chamber, and the point v1 is indicated by
a cross. The Weyl group is generated by reflections in the lines H1, H2, H0.
The other vacua v2, v3 are the images of v1 under the action of the Weyl
group. The multi-kink, which interpolates between v1 and v3, is indicated
8
by a dashed arrow, while the fundamental kinks are indicated by the solid
arrows.
v1
v2
v3
H1
H2
H0
ν2
ν1
Figure 1: The CP2 multi-kink realised as an adjoint orbit in the Lie algebra
of SU(3).
4 Chains
A chain is a map φ : R2 → CPn satisfying the periodicity condition
φ(x, y + β) = g · φ(x, y), (26)
which minimizes the energy functional,
E =
1
2
∫ β
0
∫
R
‖dφ‖2dx dy. (27)
Here β > 0 is the period and g ∈ SU(n + 1). In order that the energy
be finite, φ must tend to fixed points of g as x → ±∞. The periodicity
condition (26) is chosen to mimic a similar condition satisfied by calorons in
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the “algebraic gauge” [14] (where the value of the component of the gauge
field in the periodic direction is made to vanish at infinity).
We assume that g is written in the form g = exp(−Xβ), with X =
idiag(µ1, . . . µn+1). We assume that µi > µi+1 and µ1 − µn+1 < µ0, where
µ0 := 2pi/β. We do not consider at present the possibility that some of the
µi are equal. Then the fixed points of g are the vacua v1, . . . , vn+1 described
in the preceding section.
As usual, there is a Bogomolny bound on the energy,
E ≥
∫
R×S1
φ∗(ω), (28)
and solutions of the Bogomolny equation are holomorphic. The lower bound
is evaluated as follows. Let φ˜(x, y) = exp(yX)φ(x, y); then φ˜ is strictly
periodic with well-defined limits as x → ±∞, hence extends to a map from
S2 to CPn. Let k0 ∈ Z denote the degree of this map. Using the chain rule,
and the fact that the action of X fixes the symplectic form ω, we obtain an
identity
φ˜∗ω = φ∗ω − φ∗(iX˜ω) ∧ dy. (29)
We recall from earlier the that iX˜ω = dψ. Integrating, we obtain∫
R×S1
φ∗(ω) =
∫
R×S1
φ˜∗(ω) + β
∫
R
φ∗(dψ) (30)
= 4pik0 + β
∫ vj+
vj−
dψ (31)
= 4pik0 +
4pi
µ0
(µj− − µj+). (32)
This formula bears a striking resemblance with the formula for the charge of
a caloron: see for example [19]. The Bogomolny bound (12) for multi-kinks
is a special case, since multi-kinks satisfy (26).
A general CPn chain may be written
φ(u) =


exp(−µ1u)f1(exp(µ0u))
...
exp(−µn+1u)fn+1(exp(µ0u))

 (33)
with fj meromorphic functions. The fj can be chosen rational, since if this
is not the case the chain will have infinite energy. By multiplying through
by denominators, we can write the non-zero fj as polynomials,
fj(w) =
nj∑
k=mj
ajkw
k, (34)
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for complex numbers ajk and non-negative integersmj , nj, such that ajmj , ajnj 6=
0, min{mj|fj 6= 0} = 0, and the non-zero polynomials fj have no common
root. This representation of a general chain is unique up to overall rescaling
of the coefficients ajk.
The general chain (33) satisfies the boundary condition φ → vj± as x→
±∞, where j+ = max{j|fj 6= 0, nj = max{nk}} and j− = min{j|fj 6=
0, mj = 0}. The charge k0 is equal to max{nj |fj 6= 0}. To see this, recall
that k0 is defined to be the degree of the map
u 7→


exp(−µ1x)f1(exp(µ0u))
...
exp(−µn+1x)fn+1(exp(µ0u))

 . (35)
This map is homotopic to the map,
u 7→


f1(exp(µ0u))
...
fn+1(exp(µ0u))

 , (36)
whose degree is max{nj |fj 6= 0}.
From the above parametrisation, we see that a CPn chain with charge k0
satisfying the boundary conditions φ → vj± as x → ±∞ is determined by
(n + 1)k0 + (j+ − j−) complex parameters.
The simplest examples of chains are the multi-kinks from the previous
section. These are chains with k0 = 0, and in fact all such chains are multi-
kinks. Thus chains with k0 = 0 have trivial dependence on y; to have non-
trivial dependence on y, one must have k0 6= 0.
Bruckmann’s example [6] depends non-trivially on y. This example was
constructed in the CP1 model, and has charges k0 = 1, j+ = j− = 1. It can
be parametrised as follows:
φ : u 7→
[
a11 exp((µ0 − µ1)u) + a10 exp(−µ1u)
a20 exp(−µ2u)
]
, (37)
for a11, a10, a20 non-zero complex parameters, defined up to an overall scaling.
Note that µ2 = −µ1 because X is traceless.
Bruckmann observed [6] that, for certain values of the parameters the
chain resembles a superposition of two fundamental kinks, with masses ν1 =
µ1 − µ2 and ν2 = µ0 − ν1. To see this, we fix some of the parameters: by
making translations and phase rotations, we can choose a11 = −a10 and we
define b = a20/a11. The chain (37) becomes
φ : u 7→
[
exp(ν2u)− exp(−ν1u)
b
]
. (38)
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When |b| is small, the field resembles a lump of the form (6), with location
a = 0 and parameter λ = b/µ0. When b is large, the field resembles two
kinks of the form (20), with masses ν1, ν2 and locations x1 = −ν
−1
1 ln |b|,
x2 = ν
−1
2 ln |b|.
The simplest example in which both terms in the formula (32) contribute
to the topological charge occurs in the CP1 sigma model. It has topological
charges k0 = 1, j+ = 2, j− = 1, and is written
φ : u 7→
[
a11 exp((µ0 − µ1)u) + a10 exp(−µ1u)
a21 exp((µ0 − µ2)u) + a20 exp(−µ2u)
]
, (39)
with a10, a21 6= 0. This chain depends non-trivially on y. For certain choices
of the parameters ajk, it resembles three kinks, two with mass ν1 and one
with mass ν2. The mass-ν2 kink always lies between the two mass-ν1 kinks
on the x-axis.
More generally, a CPn chain resembles a superposition of n + 1 types of
fundamental kink. There are n types of kink with masses νi = µi − µi+1 for
i = 1, . . . , n which tunnel from vi to vi+1, and the (n+ 1)th type of kink has
mass νn+1 = µ0 − µ1 + µn+1 and tunnels from vn+1 to v1. If j+ = j− there
are k0 kinks of each type. If j+ > j−, there are k0 + 1 kinks of mass νj for
j− ≤ j < j+ and k0 kinks of the remaining types. If j+ < j−, there are k0−1
kinks of mass νj for j+ ≤ j < j− and k0 kinks of the remaining types.
The moduli of the chain are accounted for by assigning two real moduli
to each kink, one for translation and one for an internal “phase”. Similarly,
the energy of the chain is equal the sum of the masses of the constituent
kinks, times a factor 4pi/µ0.
We noted above that multi-kinks with trivial y-dependence are examples
of chains. In the constituent picture, these are chains with no constituents
of the (n+ 1)th type. So the (n+ 1)th kink is necessary to have non-trivial
dependence on y.
Similar to multi-kinks, there is an ordering prescription among the con-
stituents of a chain. A kink of mass νi+1 always lies to the right of a kink
of mass νi, and a kink of mass ν1 lies to the right of a kink of mass νn+1. A
similar ordering prescription was noticed for calorons with SO(2) symmetry:
see [5, 13]. If there are no kinks present with mass νn+1, the chain is actually
a multi-kink with trivial y-dependence.
5 Loop groups
A loop group LG is a group whose elements are smooth maps from the circle
S1 to a Lie group G. The product of two loops is obtained by pointwise mul-
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tiplication, using the product in G. The standard reference on loop groups
is the book by Pressley and Segal [20]. Although loop groups are infinite-
dimensional, their root structure is similar to that of finite-dimensional Lie
groups, which is part of the reason why they are interesting to study.
We denote by T the group of rigid rotations of S1. This acts in a natural
way on LG and it is standard practise to define a semi-direct product T×˜LG.
The group T×˜LSU(n+1) acts naturally on the space LCPn of smooth maps
from S1 to CPn. In fact, this action is transitive: let us represent an element
of LCPn by a function f : [0, 2pi] → CPn satisfying f(2pi) = f(0). Since
SU(n + 1) acts transitively on CPn, we can choose g : [0, 2pi] → SU(n + 1)
such that f(θ) = g(θ)v1. At this stage g(θ) need not be periodic, but certainly
g(2pi)−1g(0) is an element of the stabiliser group U(n) ⊂ SU(n + 1) of v1.
Since U(n) is path connected, we can choose h : [0, 2pi] → U(n) such that
h(0) is the identity and h(2pi) = g(2pi)−1g(0). Then g′(θ) := g(θ)h(θ) defines
a continuous map from S1 to SU(n + 1) such that f = gv1. If f is smooth,
then g′ may also be chosen smooth. Therefore LSU(n+1) and T×˜LSU(n+1)
act transitively on LCPn.
The stabilisers of the constant loop θ 7→ v1 under the actions of LSU(n+
1) and T×˜LSU(n + 1) are LU(n) and T×˜LU(n) respectively. Therefore we
may write the loop space LCPn as quotients:
LCPn ∼= LSU(n + 1)/LU(n) ∼= T×˜LSU(n + 1)/T×˜LU(n). (40)
We will represent points of LCPn by column vectors of functions zi : S1 →
C defined up to overall multiplication by functions f from S1 to C\{0}:

z1(θ)
...
zn+1(θ)

 ∼


f(θ)z1(θ)
...
f(θ)zn+1(θ)

 . (41)
The functions zi may not be all zero for any value of θ
An alternative way to represent LCPn is as an adjoint orbit. The Lie
algebra of LSU(n + 1) consists of maps from S1 to su(n+ 1), while the Lie
algebra of T×˜LSU(n + 1) is obtained by adding the generator ∂θ of T. The
Lie brackets with ∂θ are given by
[∂θ, Y (θ)] =
∂Y
∂θ
(θ). (42)
If b ∈ su(n + 1) is the point with stabiliser U(n), then the constant loop
θ 7→ b has stabiliser T×˜LU(n) under the adjoint action of T×˜LSU(n + 1).
Therefore LCPn may be identified with the adjoint orbit of b.
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Figure 2: The Dynkin diagrams of various Lie groups and their loop groups
The space LCPn inherits a natural metric from CPn. Let z = z(θ) denote
a point in LCPn. A tangent vector at z ∈ CPn may be represented by a
function ξ : S1 → TCPn, such that ξ(θ) ∈ Tz(θ)CP
n. A natural metric on
such tangent vectors is
gz(ξ1, ξ2) =
1
2pi
∫
S1
gz(θ)(ξ1(θ), ξ2(θ))dθ. (43)
It will be useful to recall a little of the structure theory for Lie algebras
of loop groups. If t is a Cartan subalgebra of su(n + 1), then a Cartan
subalgebra for the Lie algebra of T×˜LSU(n + 1) is obtained by adding the
generator ∂θ of T. The roots are denoted (k, α), where k ∈ Z, α is a root of
su(n + 1) or zero, and (k, α) 6= (0, 0); their action is (k, α)(X) = α(X) for
X ∈ t, and (k, α)(∂θ) = ik. There are n+ 1 simple roots, given by
αi = (0, αi) for i = 1, . . . , n (44)
αn+1 =
(
−1,−
n∑
i=1
αi
)
. (45)
The Dynkin diagrams of Lie groups SU(n + 1) and the corresponding loop
groups are depicted in figure 2.
6 A chain as a loop group multi-kink
We are now ready to elucidate the root structure associated with chains. We
shall show that a CPn chain is the same thing as a multi-kink in a sigma
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model whose target is the loop space LCPn. Let φ be a chain satisfying
φ(x, y + β) = exp(−βX)φ(x, y). Define a map φ˜ : R→ LCPn by
φ˜(x) = exp(Xθ/µ0)φ(x, θ/µ0). (46)
Making this reparametrisation is a little like changing the gauge of a caloron
from the algebraic gauge (where the component of the gauge field in the
periodic direction A0 vanishes at infinity and the caloron is periodic up to
a gauge transformation) to a gauge where A0 is non-zero at infinity and the
caloron is strictly periodic (eg the Polyakov gauge) [14].
The Bogomolny equation for φ,(
∂
∂x
+ i
∂
∂y
)
φ = 0, (47)
is equivalent to
∂
∂x
φ˜ = i
(
X − µ0
∂
∂θ
)
φ˜. (48)
This is formally identical to the Bogomolny equation for a multi-kink (14),
since X − µ0∂θ is an element of the Lie algebra of SU(n + 1)×˜T. Similarly,
the energy functional for φ is equal to
E =
β
2
∫
R
‖∂xφ˜‖
2 + V (φ˜)dx, (49)
where the potential function V : LCPn → R is equal to the norm squared of
the vector field induced on LCPn by X −µ0∂θ. Here we are using the metric
defined in (43).
Identifying chains with LCPn kinks explains the constituent structure of
chains identified earlier. Just as the n fundamental kinks of a multi-kink
were identified with the n simple roots of SU(n + 1), so too are the (n + 1)
fundamental kinks of a chain identified with the (n + 1) simple roots of
SU(n + 1)×˜T. Notice too that the masses νi of the fundamental kinks are
in this case proportional to αi(X − µ0∂θ), analagous to (25).
As a concrete example, the Bruckmann chain (37) is mapped to
φ˜(x) =
[
a11 exp((µ0 − µ1)x)e
iθ + a10 exp(−µ1x)
a20 exp(−µ2x)
]
. (50)
We have illustrated this object in figure 3. The horizontal axis represents the
Cartan sub-algebra t of su(2) and the vertical axis represents the Lie algebra
of T. The orbit of v1 = t is LCP
1. The dashed arrow represents the chain
(37), while the two solid arrows indicate the fundamental kinks. The kink
pointing from v1 to v2 has mass ν1, the kink pointing from v2 to v1 has mass
ν2.
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Figure 3: The charge 1 CP1 chain realised as an adjoint orbit in the Lie
algebra of the loop groop
7 Summary and open problems
In this article, we have explored the connection between chains and multi-
kinks in sigma models. We were able to construct explicitly all solutions to
the appropriate Bogomolny equations, with our choice of boundary condi-
tions. We showed how the constituent structure of both can be understood
using the structure theory of Lie algebras; for the case of chains, the rele-
vant Lie algebra was associated with a loop group. The constituents provide
a simple physical picture of multi-kinks and chains: the number of moduli
can be accounted for by assigning a position and a phase modulus to each
constituent, while the total mass is equal to the sums of the masses of all of
the constituents.
The dimensions of the moduli spaces of chains are completely determined
in a simple way by the topological charges and boundary conditions imposed.
We have demonstrated this by constructing all solutions explicitly, but for
other solitons (for example instantons, calorons and monopoles) the dimen-
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sion of the moduli space is known without existence of explicit solutions. It
would be interesting to know whether the dimensions of moduli spaces could
be related to the topology more directly, for example by using an index the-
orem.
We point out here that sigma models have been studied in connection with
loop groups before. Atiyah has demonstrated the existence of a bijection be-
tween moduli spaces of SU(n) Yang-Mills instantons and moduli spaces of
lumps in sigma models with target ΩSU(n + 1) = LSU(n + 1)/SU(n + 1)
[4, 12], while Charbonneau and Hurtubise have explored a similar correspon-
dence for calorons [8].
We have discovered many similarities between CPn sigma model chains
and SU(n + 1)-calorons. Most notable are the charge formula (32), which
resembles the formula for calorons, and the ordering prescription among con-
situents of a chain, which mirrors an ordering prescripition among the con-
stituent monopoles SO(2)-symmetric calorons. The latter might have an
explanation via Atiyah’s result, particularly as Atiyah’s paper focuses on the
case of SO(2) symmetry, and exploits loop groups. However, we have not
succeeded in finding a direct link; the main problem is that Atiyah’s target
space ΩSU(n + 1) does not coincide with our target space LCPn.
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